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ABSTRACT 

In this paper we study a pair of unified and extended fractional integral operators involving the multivariable 
H-Function, Aleph -Function and general class of polynomials. During the course of our study, we establish five theorems 
pertaining to Mellin transforms of these operators. Further, some properties of these operators have also been investigated. 
On account of the general nature of the functions involved herein, a large number of (known and new) fractional integral 
operators involving simpler functions can be obtained. For the sake of illustration, some special cases of our main result 
have been recorded here. 
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INTRODUCTION 

We recall here the following definitions required for the present study: 

(a) The general class of polynomials introduced and studied by Srivastava [14] is defined as 



s"w= [ T^ v,u ' Av -'- f 

£=0 



n 



(i.i) 



where U, V are arbitrary positive integers and the coefficient Ay ^ (V , i > 0) are arbitrary constants, real or 
complex. 

(b) The H-function of several complex variables, introduced and studied by Srivastava and Panda [16] is defined 
and represented in the following form: 
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and co=V-l 

For the conditions of existence on the several parameters of the H-function of several complex variables, we refer 
to H. M. Srivastava et al. [15, p. 251-253, Eqns. (c.2) to (c.8)]. 

(c) Siidland et al. [13](see also Saxena and Pogany[ll]) defined and represented the Aleph -function in terms of 
Mellin-Barnes type integral as follows: 
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For the conditions on the several parameters of the Aleph-function, one can refer to [5]. 
(d) The Mellin transform of f(x) will be denoted by M[f(x)] or by F(s). If p and y are real, we write 
s = p" 1 + iy. If p > 1, f(x) e Lp (0, °o), then for 



p=l,M[f(x)]= F(s) = j 0 M x s ! f(x)dx, 



(1.7) 
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and 



f(x)=— | c+io °F(s)x- s ds, 

under suitable conditions on the variables and the parameters. 
For p > 1 , 



(1.8) 
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1/x 



(1-9) 



where C.i.m. denotes the usual limit in the mean for L p -spaces. 

(e) The pair of new extended fractional integral operators studied here is defined as 
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where v= 
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and t, U; and Vj are positive numbers. 



The kernels \\i 



and \|/ 



V x J 



appearing in (1.10) and (1.11) respectively, are assumed to be continuous 



Vy J 



functions such that the integrals make sense for wide classes of functions f(x). 
The conditions for the existence of these operators are as follows : 



(I) f(x) e Lp (0, oo), (II) 1< p, q < oo, p" 1 + q 1 = 1, 
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where j"=l, 2, u (n) ; V = 1, 2, ... r'. 

Condition (I) ensures that both operators defined by (1.10) and (1.11) belong to Lp (0, °°). 

These operators are extensions of fractional integral operators defined and studied by several authors like Erdelyi 
[1], Kober [3], Love [4], Saigo et al. [6], Saxena and Kumbhat [8, 9, 10], Goyal et al. [2], Saxena and Kiryakova [7], etc. 

2. MAIN THEOREMS 



Theorem 2.1: If f(x) e L p (0, oo), 1 < p < 2, [or f(x) e M p (0, oo), p >2] 
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for j"=l, 2, u <n> and the integrals present are absolutely convergent, then 



M {Q"»P[f(x)]}=M{f(x)}R? S+1 ' P [1]. 
in A n 



(2.1) 



where M p □(O, °°) stands for the class of all functions f(x) of L p D(0, °°) with p>2, which are inverse 
Mellin-transforms of the functions of L p (-oo, oo). 

Proof: On taking Mellin transform of (1.10), we have 
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Now, after changing the order of integration, which is permissible under the conditions stated, the result (2.1) 
follows easily in view of ( 1 . 1 1). 

Theorem 2.2: If f(x) e L p (0, »), 1 < p < 2, [or f(x) e M p (0, »), p>2] 
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for j"=l, 2, u w and the integrals present are absolutely convergent, then 

M {R^P[f(x)]}=M{f(x)}QP +s - 1 'P[l]. 
Tn in 

Proof: On taking Mellin transform of ( 1 . 1 1 ), we have 
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Now, after changing the order of integration, the result (2.3) can be easily obtained in view of (1.10) 
Theorem 2.3: If f(x) e L p (0, °°), p" 1 + q" 1 =1, v(x) e L p (0, °°), 
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for j"=l, 2, u w and the integrals present are absolutely convergent, then 
Jo"v(x)Q^[f(x)]dx=J^f(x)R^P[v(x)]dx. 



(2.5) 
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Proof: The result (2.4) can be easily established in view of (1.10) and (1.11). 
3. INVERSION FORMULAE 

Theorem 3.1: If f(x) e L p (0, «.), 1 < p < 2, [ or f(x) e M p (0, °°), p >2], 
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Proof: On taking Mellin transform of (3.1) and then applying Theorem 2.1, we , 

M{f(x)}= M{v(x)} 
R(s) 

which on inverting leads to 
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Further, on changing the order of integration, we have 
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Now, in view of (3.3), we easily arrive at (3.2). 
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Theorem 3.2: If f(x) e L p (0, °°), 1 < p < 2, [or f(x) e M p (0, »), p>2], 
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4. GENERAL PROPERTIES 

The properties given below are immediate consequences of the definitions (1.10) and (1.11) 
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The properties given below express the homogeneity of the operators Q and R respectively. 
If I^ P [f(x)] = [v(x)] then 
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IfRp%(x)] = [Z(x)], then 
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5. SPECIAL CASES 



(i) Taking T r =l,i ' = 1, r ' in (2.2) and (2.3) we get the results due to Srivastava et al [17]. 



(ii) Taking X = A = C = 0 , the multivariable H-function reduces to product of r Fox' s H-functions and 
consequently we obtain the following results from (2.2) and (2.4) 

m { q } = lo ^ { tx- a ~ tp - x IS A**-// 
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6. CONCLUSIONS 

The functions involved in the results established in this paper are unified and general in nature, hence a large 
number of known results lying in the literature follow as special cases. Further, on suitable specifications of the parameters 
involved, numerous new results involving simpler functions may also be obtained. 
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